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molecules such as methane, CH4, which are intractable by the Heitler and London method except in the ground state (Slater 1931) .
I I -R otational w ave-functions
We consider the rotation of a diatomic molecule in a field of potential energy V possessing tetrahedral symmetry. We shall call the tetrahedron of points on a unit sphere at which V has its minimum value the tetrahedron, and the tetrahedron of points antipodal to these the conjugate tetrahedron. Referred to the axes through the mid-points of opposite sides of the fundamental tetrahedron, the simplest spherical harmonic to take for the potential energy is Pf(cos 6) sin 20, which is the only surface har monic of degree less than four having the required symmetry (Bethe 1929) . Referred to an axis of symmetry through a vertex this becomes 10/^3. P°(cos 6) + ^/2/(3 ^3). P f (cos 6) cos 30.
Taking the first set of axes and choosing V = -P .P f(c o s$ ) sin 20, we find th at V has a minimum value of -10P/y 3 a t each vertex of the fundamental tetrahedron, a maximum value of lOif/^3 at each vertex of the conjugate tetrahedron, and a col with value zero at the ends of the co-ordinate axes.
Since V can also be written as -30 Ks in2 6 cos 6 sin 0 cos 0 or -30 Kxyz/r3,it is clear th a t V = 0 on the three great 2 = 0. Fig. 1 shows the orthogonal projection of the equipotential lines on the plane 2 = 0, and fig. 2 the conical projection on the face x + 2 = 3 of the conjugate tetrahedron. The projection on a face of the fundamental tetrahedron will be the same with the sign of K changed.
According to the general principles of the Theory of Groups, this special assumption of a particular form for the potential energy is sufficient to enable us to find the form of the wave-functions for any potential-energy function with the same symmetry. For the wave-functions are solutions of Schrodinger's equation for the diatomic molecule of moment of inertia /:
where Vi s a function of 6 and 0 with tetrahedral symmetry. Since this equation is invariant under the operations of the four-point group Td, the 28-2 H . M. C undy solutions m ust belong to representations in this group. The following table shows these representations in the notation due to Mulliken (1933):
T able I -R e pr e se n t a t io n s of the Td group

Characters
Type The rest of the work is brought into line with th at of Devonshire (1936) by noticing th a t there is the following connexion between the representations of the Td and its associated Oh group (Mulliken 1933, Table IV ). Hence the expansion in spherical harmonics of a wave-function which is of type Ax under the operations of the Td group will consist of terms which occur in expansions of functions of types Alg and A2u under the operations of the corresponding Oh group, and so on. Fig. 3 shows the fundamental and conjugate tetrahedra, together with the fundamental octahedron of the Oh group.
As in the octahedral case, the solutions for = 0 are the spherical harmonics, all the harmonics of degree l corresponding to the energy E = 1(1+1); this degeneracy is partially removed by the tetrahedral field, and the solutions split up into the following types: When we come to consider the methods of solution of equation (1) we find that if we express the solution as a series of surface harmonics PHcostf) cos m <j) sinw^ ' it will contain either terms with m odd or terms with m even, but not both; this arises from the fact th a t V contains only terms with m even. Hence the solutions divide off into two types a t once; those with m odd cannot be further subdivided by elementary considerations of group theory; since, however, all the energy-levels can be found from the solutions with even m, the wave-functions with m odd do not lead to anything new, and we shall not consider them further. The series with m even can be partially separated by using the subgroup Dih (compare Table IV , Devonshire 1936) into the following independent types: In the series which belong to each of two types, some of the terms can be immediately separated; e.g. in the first series the term $ is clearly Av and the term a\ P\ is of type E, but there will be two different combinations of P4 and P \c os 40 which are of types Ax and E respec of type Ax is th a t combination which Devonshire has shown to be also under the Oh group, viz. P 4 + j\%P\cos 40. The simplest way to find these correct linear combinations in any given case is to multiply terms known to be of the given type by P fsin20, which is known to be of type Av and hence the resulting product is of the same symmetry type as the m ulti plicand. This leads to the following series for the Ax type: 
I I I -E n er g y -levels of particular equation
We now consider equation (1) with the particular form of the potential energy V = -K . P §(cos#)sin 20, and we set out to find the eigenva of the energy E as functions of the parameter K. There are three methods open to us, corresponding to the three methods of Devonshire's paper, viz. the general solution in the form of an infinite determinant, the asymptotic solution for large (positive or negative) values of K, and a solution by successive approximation for small values of K. We are thus able to approxi mate closely to the lower energy-levels over quite large ranges of K. Changing the sign of K merely amounts to interchanging the fundamental and the conjugate tetrahedra, and the whole diagram of energy-levels plotted as functions of K will therefore be symmetrical about-K = 0. We proceed at first with the general method of solution.
We require to know the expansion of P f(co s0 )sin 2 0 .P fl (cos6l) in surface harmonics. Since we are concerned only with even values of m, the anomalous case of m = 1 need not be considered, and w the expansions of P | . P f in terms of P f+ 2 and These are obtained by methods similar in all respects to those used by Devonshire, and therefore need not be set out here in full; the results obtained are as follows:
15(1 -m + 1) (l + m) (l + m -1) (l + m -2) (l-3m+ 3) pm_2 (2f-3)(2l+l)(2l + 3)
' l~x
15(l + m)(l + m -l)(l + m -2)(l + m -3)(l + m -4:)
We now write equation (1) Table IV , we take any one of the series in th a t table, substitute it for \J s in the above equation, express every term as a sum of surface harmonics, and equate to zero the coefficient of each separate harmonic. This leads us to a set of equations between the coefficients a and b. Eliminating the a 's and 6's from these sets of equations, we obtain an infinite determinantal equation for W corresponding to each different type of solution in Table IV . We then find an approximate solution of this determinant by taking only its first ten rows and columns, and solving it by means of Mr Mallock's electrical calculating machine.*
IV-A symptotic solution for K large
We set out to find a solution in descending powers of for W and \Jr. This will converge for sufficiently large values of From the physical standpoint it is easy to see th a t it corresponds to oscillation of the molecule in one of the four potential hollows at the vertices of the fundamental tetrahedron. This state of affairs can be expected to continue only if W is less than its value at the cols separating the hollows, i.e. if W is negative. This gives a necessary condition of k for the expansion to be valid.
We begin by writing equation (4) expanded about an axis of symmetry through a vertex of the fundamental tetrahedron ( in fig. 3 ). I t is which are all easily found by differentiation and successive application of well-known relations.
The particular integral of the equation (9) is a t once seen to be f> =
the summation being carried out over all terms for which = (= n, together with terms with logarithmic singularities a t the origin arising from those terms for which 2s -p = n. B ut since we require th a t/j shall be at the origin, the coefficients of all these terms must vanish. This leads us to 2n+l linear equations between the 2^+ 1 coefficients b™ , c™ . In this case, however, an inspection of the recurrence formulae reveals the fact th a t the m of all the terms arising from the term cos 30 ./ 0 will be of opposite parity to the m's occurring in f0 , which are all of the same parit of n. Hence the only terms for which = n must have a p of the same parity as n, and must therefore arise from the term a'f0; the above 2n+\ equations are therefore all equivalent to the single equation a' = 0.
We now apply the procedure again to equation (8C), and putting in the values of a and a', and remembering th a t Q(f0) = 0, we find th a t it can be written as Hence Q(fi) is given in terms of known quantities for any given f0, and the same reasoning as before leads us to a determinantal equation for a0. Beyond this the process becomes very laborious even in the simplest cases.
The work is simplified by the observation th a t the successive/'s must all belong to one or other of the following classes, the equation (7) and the recurrence formulae being of such a nature th a t all the polynomials entering into the work are confined to the class in which the initial ones are taken to lie (see Table V ). The solutions are all degenerate in sets of four and eight, corresponding to tj/ being small except near one out of four potential minima; physically also it is clear th a t the molecule will have the same energy for a given type of oscillation about any of its four equilibrium positions. If we take these degenerate sets of solutions together, we can determine their characters under the operations of the tetrahedral group, and hence find the symmetry classes which combine to form these asymptotic solutions. We thus find the types of energy curves which tend asymptotically to the value found by this method. 
Ax + T2
A 2+ T x e + t1+ t 2 I t is not possible to give a general formula for the value of a0, but there is appended a table which gives the first three terms in the asymptotic ex pansion of W for low values of n. The expansions cannot even be approxi mately valid unless k is large enough for W to be negative. 
Symmetry class
A 1+ T E + T 1+ T 2 e + t 1+ t 2 A 1 + T 2
Since the whole energy diagram is symmetrical about = 0, the same asymptotic expansions will hold for k large and negative if we write -k for k.
We now consider the case where the field is small enough to be treated as a small perturbation, and the molecule is approximating to the free rotator with energy levels W = 1(1+1) .
We take the equation 
We now solve this by Picard's method of successive approximation, first of all neglecting the right-hand side, and obtaining
where the a 's and 6's are arbitrary constants; next we substitute in the right-hand side of equation (12) where and Now ^ r/rs will satisfy equation (12) if it is convergent, and from this last i equation a necessary condition for this is th a t 00 00 £ a™ = 0, 2 fiT = 0, for all m.
These are 21+1 linear equations in the s and 6's, and also containing (not necessarily linearly); hence the eigenvalues of R are found from the determinantal equation which is the eliminant of the a 's and 6's. As before, the types of solution fall into the classes given in Table IV , which simplifies the work considerably. We append a table giving the first two terms in W (i.e. the first term in R) which gives the form of the parabola in which the energylevels plotted against k cross the axis k 0. fig. 4 has been plotted, showing the splitting of the energy-levels as k is increased. Fig. 4 also shows the asymptotic values for large k, found as in Section IV, and it will be noticed th at there is a good fit between the curves found by the two methods in th at part of the diagram where the asymptotic values have any meaning, i.e. for W negative. The slight divergence of some of the curves from the asymptote as J c increases is attributable to the failure of the approximation of taking only ten rows and columns of the infinite determinant. This is particularly the case with the representation T2, where the large number of terms of low order involved (see Table IV ) and the necessary extraction of six roots as against three of each other representation caused the higher roots to crowd down and the Table V III machine to become unstable. Hence the readings a t 10 for T2 must be treated as only very approximate: and for this same reason the readings at k = 10 of the T2 and E branches emanating from = 30 could not be taken at all, and the top points of the and branches must be treated with caution. The
Ax and E determ inant (corresponding to the first function of Table IV ) was factorized for the Ax terms before setting up on the machine; in this case only a fifth order determ inant was needed, which greatly simplified the working of the machine.
The coefficients in the wave-functions have also been tabulated, but only for the lower levels, and for the functions with even m.* The error in the energy is much less than th at in the wave-function, and can be taken as less than 1% in the region where k and W are both small; on the other hand, the machine itself has given readings divergent by as much as 6% for k large and in the region of a near approach of t levels belonging to the same representation. I here desire to thank Professor Lennard-Jones for suggesting this pro blem in the first place, and for valuable help, advice and elucidation given during the work; D r A. F. Devonshire, for m any hints on the application of the Group Theory to the work; Mr R. R . M. Mallock for personal in struction in the use of his machine; and the R oyal Society for a grant enabling me to m ake use of it. Summary I t is shown by general principles of th e Theory of Groups how th e Schrodinger equation m ay be solved for a diatom ic molecule, when th e potential energy varies w ith th e angular co-ordinates in such a m anner th a t it has th e sym m etry of the regular tetrahedron. Infinite series for th e wave-functions are given, and th e energy-levels and corresponding wavefunctions evaluated for a particularly simple potential-energy function of the given type. Three m ethods of obtaining these levels are described, two of which are asym ptotic approxim ations, and the th ird involves th e use of the Mallock electric calculating machine. A good agreem ent is obtained between th e three, enabling a plot to be m ade of th e energy-levels over wide ranges of m agnitude of th e potential energy term .
